Abstract-A combined interrogation and signal processing technique which facilitates high-speed simultaneous static and dynamic strain demodulation of multiplexed fiber Bragg grating sensors is described. The scheme integrates passive, interferometric wavelength-demodulation and fast optical switching between wavelength division multiplexer channels with signal extraction via a software lock-in amplifier and fast Fourier transform. Static and dynamic strain measurements with noise floors of and , between 5 mHz and 2 kHz were obtained. An inverse analysis applied to a cantilever beam set up was used to characterize and verify strain measurements using finite element modeling. By providing distributed measurements of both ultra-high-resolution static and dynamic strain, the proposed scheme will facilitate advanced structural health monitoring.
I. INTRODUCTION

S
TRUCTURAL health monitoring of existing aging structures and, particularly, future 'smart' structures will rely on advanced distributed measurements of not only high-frequency vibration, but also slowly changing strain [1] . Fiber Bragg gratings (FBGs) are often sought to meet these requirements as they offer reliable, wavelength-encoded measurements of strain, that are immune to the interference and intensity fluctuations which plague conventional optical transducers [2] . However, when tasked with assessments of structural prestress loss or geological deformation, there are additional demands for stable, static strain sensors capable of nano-scale resolution. At the other extreme, vibration monitoring and impact detection may require highly responsive systems capable of surveying dynamic strain signals ranging from the seismic (1 mHz) to the ultrasonic ( 20 kHz). Combining both static and dynamic monitoring capabilities into one demodulation unit will allow FBG monitoring solutions to remain cost-effective, while supplying a greater quantity of information to damage detection algorithms [3] . Many contributions to the field of optical sensing have excelled in their respective static or dynamic fields independently. The application of cross-correlation algorithms to fiber FabryPerot sideband interrogation has yielded static strain resolutions as low as [4] . Meanwhile, quasi-static and fully dynamic systems at 1.5 Hz and above 100 Hz have utilized frequency-locked lasers to provide noise spectral densities as low as and respectively [5] , [6] . The schemes reported in the cited references, however, all suffer from resolution impairments after multiplexing. For the static scheme, distributed sensing increases the already substantial measurement times ( 10 s), while in the dynamic case, the requirement for a range of atomic-absorption lines makes multiplexing inconvenient. Bridging the gap between static and dynamic schemes while retaining full resolution, speed and multiplexing capabilities is therefore a key objective for optical structural health monitoring. While a small selection of schemes have been proposed to solve this problem [7] , [8] , there is still a growing and unmet demand for robust systems capable of combining distributed static and dynamic nanostrain-resolution measurements in a single interrogation unit. Such high-resolution systems would allow for the measurement of phenomena such as concrete creep and geodynamical changes in the earth's crust [9] , [10] .
In this article, a passive, interferometric wavelength-demodulation technique [11] is combined with a fast optical path switch and a wavelength division multiplexing (WDM) module to provide an interrogation scheme which does not require tuning or modulation [12] . Signal extraction techniques such as a fast Fourier transform (FFT) and a software lock-in amplifier allow for high-speed, simultaneous, low-noise measurements of the static and oscillating strains in a multiplexed FBG array. Measurements of the strain and natural frequency of a cantilever beam demonstrate the system's ability to provide indicators of structural health using the inverse-method [13] . 
II. SYSTEM DESIGN
A. FBG Strain Sensor
Changes in strain, , and temperature, , lead to fractional shifts in the reflected Bragg peak of an FBG given by [14] (1) where , and are the fiber's thermo-optic, thermal expansion, and strain-optic coefficients respectively. As shown in Fig. 1 , an FBG attached to a cantilever can measure strain independently of temperature if compensated for by an unstrained reference [15] .
Each of the reflected Bragg peaks in the multiplexed array corresponds to one channel centre of a WDM module. The optical switch can therefore individually select channels, and hence Bragg peaks, to pass to the unbalanced Mach-Zehnder interferometer (MZI). This allows the MZI to perform successive wavelength demodulation of each distinct Bragg peak independently of the others [12] .
B. Wavelength Demodulation
Optical interference at the output of an MZI with an optical path difference (OPD), , yields a wavelength-dependent phase difference (2) where and are the refractive index and physical length difference of the two arms of the interferometer. Solutions to Maxwell's equations state that the three outputs of the 3 3 coupler shown in Fig. 1 must be mutually 120 out of phase [16] . As such, the voltages at each photodetector at the MZI outputs, normalized to the first, can be described by (3) where and and are constants which describe the amplitude of the dc and ac components of the interference fringes respectively. Crucially, the three outputs yield a phase measurement which is independent of any fluctuations in the optical intensity at the MZI input [17] (4) where and are retrievable normalization parameters, which depend on constants such as the mean intensity level, fringe visibility and optical losses within the setup. The photodetector voltages thereby provide a passive, robust and instantaneous demodulation of wavelength in one voltage sample, without the need for active modulation.
As the optical switch selects between the two FBGs, a squarewave of amplitude is generated. Differentiation of (2) with respect to wavelength and substitution of (1) provides the conversion factor between FBG strain and measured phase differences (5) The differential strain is then extracted from the square-wave by focusing on the component at the switching frequency .
C. Signal Extraction
The signal square-wave containing the strain differential can be expressed by the discrete-time complex sequence (6) where is the discrete-time sampling interval. The strain differential is extracted from the amplitude of an FFT which maps onto a frequency target [18] . The limitations of the FFT are mainly governed by how the input sequence is sampled, as waveforms of a bandwidth above half of the sampling rate (the Nyquist-limit), cannot be reconstructed.
The thorough frequency analysis provided by an FFT is its main strength, as dynamic strains oscillating at non-switching-frequencies can be retained and analyzed. However, when seeking to extract only static strain, a software lock-in amplifier can provide a superior methodology [19] . In this case, the phase-locked sinusoidal reference signal used to drive the optical switch, , is multiplied with the signal square-wave to generate sum and difference frequency components. Sum frequency components are then rejected by a low-pass filter, , leaving (7) where . When the reference and signal frequencies are equal , the first harmonic of the square-wave provides a dc voltage which is proportional to . Noise is reduced, as only noise components close to the reference or signal frequencies are allowed to pass through the filter unattenuated. Conventionally, lock-in amplifiers are used in this manner to extract weak signals from a dominant background noise, but even low-noise systems can take full-advantage of the benefits, provided they are driven by a reference [20] .
III. CHARACTERIZATION
This section outlines the characterization of the interrogation scheme for both static and dynamic strain measurements, which utilize the lock-in amplifier and FFT algorithms respectively. The experiment was set up as shown in Fig. 1 . One FBG at 1554.66 nm was affixed to a cantilever using an epoxy adhesive, while another reference FBG in the vicinity is multiplexed at 1536.02 nm. The photodetectors were oversampled at a rate of 50 kHz, as this reduced the aliasing of higher harmonic components and improved FFT resolution. The optical switch selected at a rate Hz, while groups of unfiltered data points were passed to a computer for signal extraction. A National Instruments software lock-in amplifier was filtered by a high-order Infinite Impulse Response (IIR) Chebyshev filter paramaterized by a cutoff frequency and roll-off of 500 Hz and 200 dB/dec respectively. The block diagram shown in Fig. 2 highlights the main steps which were taken to evaluate relative algorithm performance. FBG wavelengths were demodulated and converted to the signal square-wave, . Over a given measurement period, a number, , of strain differential measurements, were extracted from using the primary FFT and lock-in amplifier algorithms discussed in Section II.C. A minimalist 'max-min' algorithm was also used to find the peak-to-peak amplitude of the square-wave by calculating the difference between its highest and lowest values. This algorithm worked by simply finding the magnitude of the samples which deviated furthest from the mean value in each half-cycle of . The max-min algorithm resulted in a minimal response time, at the expense of higher noise and inaccuracy.
The standard deviation of a histogram of static strain measurements was used to gauge the resolution of the system for each algorithm. Temporal response was measured by striking the cantilever to generate a strain impulse. The temporal evolution of the lock-in and primary FFT were compared , with an amplitude proportional to the strain differential . Algorithms ranging from highly-responsive (max-min) to low-noise (lock-in amplifier) are each used to extract a strain measurement from the amplitude of . A number of strain measurements acquired by the primary FFT may be passed to a secondary FFT for a frequency analysis.
with the max-min method to provide an indication of relative time responses. A Fourier analysis of the strain differential was obtained using a secondary FFT of strain differential measurements. This provided an assessment of the frequencies and magnitudes of dynamic strain components.
A. Cutoff Frequency
The lock-in amplifier's static strain noise as a function of filter cutoff frequency is shown in Fig. 3(a) . The excess sum and difference frequencies which result from signal-reference multiplication are gradually attenuated as the cutoff frequency is decreased from 10 kHz. Shown in Fig. 3(b) are the cutoff frequencies below 3 kHz. As shown, strain noise eventually reaches a minimum of . At this point, noise is no longer Gaussian and arises due to imperfect temperature compensation between the FBGs. Instabilities in the MZI are not to blame as the voltage outputs are affected proportionally by any changes in pathlength.
Note that as the filter settling time is inversely proportional to cutoff frequency, there is a trade-off between system response time and precision. Reducing the strain noise from 20 to 2 can increase response times from 1 ms to 0.1 s.
B. Sample Size
Increasing the number of samples, , passed to the FFT reduces the bin size, improving strain resolution at the expense of sensor response time. As shown in Fig. 4 , a minimum strain as a function of lock-in filter cutoff frequency, between (a) 10 Hz and 10 kHz and (b) 10 Hz and 3000 Hz. The turning point at around 5 kHz is due to the gradual rejection of the sum and difference frequencies arising from signal-reference multiplication. The current system is limited to a minimum noise of due to imperfect temperature compensation. values show the correlation coefficients of the fits.
resolution of 5
was obtained for a 40 ms sampling time. Increasing can thus make it challenging to resolve rapid, sequential impulses in the system. This problem equally affects the lock-in amplifier, which does not benefit from the increased sample sizes.
C. Switching Frequency
As shown in Fig. 5 , increasing the optical switching frequency dramatically improves the strain resolution of the lock-in amplifier, without reducing system response times. The reason stems from (7) . The difference between the reference frequency and harmonics of the signal wave takes larger values for higher switching rates. This reduces the likelihood of these components (and their aliases) from passing through the low-pass filter. The amplitude noise in the FFT, on the other hand, is independent of the switching rate, as it instead depends mainly on the rate and volume of sample acquisition. , on the switching frequency, , for a cutoff frequency of 1 kHz. There is no correlation between switching frequency and amplitude noise in the FFT. In the lock-in amplifier, the linear introduction of harmonic power noise for reduced switching frequencies leads to an inverse square-root dependence between amplitude noise and switching rate (correlation coefficient 0.9949).
D. High Frequency Measurements
To assess the dynamic performance of the interrogation scheme at mid-range frequencies, an electroacoustic transducer is used to drive the cantilever at frequencies below 2 kHz. A primary FFT of samples (sampled at a rate 40 kHz) provides FBG strain measurements from the signal square-wave. A secondary FFT of of these measurements is then used to analyze dynamic strain oscillations. A collection of secondary FFT spectra for various cantilever driving frequencies are shown in Fig. 6 . As shown, the system is fully capable of measuring sub-microstrain signals up to 2 kHz, with a noise floor of above 5 Hz. Due to the two-step process, the second FFT's frequency bandwidth is inversely proportional to the frequency bin size of the primary FFT. As the primary FFT must resolve the signal square-wave accurately, system bandwidth is, for the time being, limited by the 40 kHz sampling rate.
E. Low-Frequency Measurements
The scheme's ability to perform at seismic frequencies is demonstrated by increasing FFT sample sizes. This yields high frequency-resolution measurements of low (1 Hz) bandwidth strain oscillations. Driving the electroacoustic transducer at 80 mHz in both pulsed and sinusoidal modes results in the strain profiles and secondary FFTs shown in Fig. 7 . After a 200-s sampling time, the first few harmonics of both low-frequency signals were detected with a resolution of 5 mHz. Crucially for geophysical measurements, nanostrain resolutions have been retained, as the noise floor is above 50 mHz.
IV. APPLICATION TO STATIC-DYNAMIC STRAIN MEASUREMENT
Both the strain and natural frequency of a cantilever vary as a function of the force applied to the cantilever end. By finding the natural vibration frequencies and strains in the region that the FBG is bonded to, model values can be used to verify those obtained experimentally. Conventionally, the Euler-Bernoulli equation and the equation of motion for a fixed-free cantilever of thickness , length and mass can be solved to find the longitudinal strain along the cantilever's length, and the natural angular frequency, , for a given tip force, as follows: (8) where is the elastic moudulus, is the second moment of area and is gravitional acceleration. Significant improvements to accuracy, however, can be made through Finite Element Modelling (FEM) using COMSOL. The geometry, mesh and an example longitudinal strain for a realistic steel cantilever are shown in Fig. 8 . Structural mechanics and shell models were solved in stationary and eigenfrequency domains to find the static strain and natural frequencies of a cantilever, as a function of tip force. As shown in Fig. 9 , FEM models show excellent agreement with the experiment for a cantilever elastic modulus of 200 GPa. This stiffness agrees with accepted values of tool steel, and shows that the epoxy bonding between the FBG and the cantilever is efficiently transferring strain. This demonstration highlights the system's capability of combining both dynamic and static measurements of strain to provide extended information on structural stress. Furthermore, the combination of the modeled and measured strain values via the inverse-method allows for the stresses in any part of the cantilever to be reconstructed from a single strain measurement.
V. DISCUSSION
While a variety of further processing techniques (such as exponential running averages) could be applied to reduce strain noise further, there is generally a trade-off between strain resolution and system response time. A decision on which of these parameters is more important must thus be stated in the requirements of the application. However, as these signal processing techniques can be manipulated after the results are acquired, the same set of results can be analyzed in different manners if maximal temporal and strain information is required.
Slow drifts in the measured strain are thought to result from the fact that the reference and sensing FBGs have poor thermal contact. Indeed, there is only so much an interrogation scheme can do to reduce the noise before physical phenomena, such as these, must be rectified. Measurements in structural health monitoring depend equally on long-term, reliable mechanical and thermal contact between the sensors and the structure.
When choosing to extract signals through an FFT, the sample acquisition rates and volumes are of prime importance for a low strain noise. However, as increasing the number of samples also reduces the time resolution of the system, it is recommended that sampling rates are maximized as a first resort. Likewise, reductions in dc fluctuations in the lock-in amplifier can be achieved by increasing the switching frequency, but both of these hardware improvements may reduce the cost-effectiveness of the system.
Spectral leakage and aliasing currently cause negligible offsets in strain accuracy because samples are obtained in a frequent, well-defined, periodic manner. As such, there is no call for the implementation of window functions or pre-sample filtering to the signal sqauare-wave, both of which can be detrimental to system response and noise.
One criticism of this system is its inability to demodulate absolute wavelengths. The phase-unwrapping method only allows for relative strains to be monitored while the system is running, thus an extra interrogation device may be required if absolute strain cannot be inferred. It is worth noting, however, that many applications in structural health monitoring, such as measurements of prestress loss or geophysical deformation, only induce or require the assessment of relative strain changes. The system's dynamic range depends on the number of multiplexed FBGs in the sensor array and the channel widths and spacings of the CWDM, as FBG shifts must be prevented from overlapping between channels.
While the inverse-method was applied to a simple cantilever in this case, the interrogation scheme's multiplexing capabilities should allow more complex or larger geometries to be analyzed via a greater number of quasi-distributed strain measurements in future. Inclusion of sensor multiplexing without a corresponding reduction in measurement speed or resolution will require an increase in either the switching or sampling rates. As the components in this scheme are simpler than those of other systems with the same aim, cost-effective multiplexing can be conveniently realized through the use of high (1 MHz) bandwidth or cascaded switches.
VI. CONCLUSION
The characteristics of a fiber Bragg grating interrogation scheme based on a three-output interferometer and a wavelength division multiplexing switching system were investigated. Using the proposed scheme, we have demonstrated the simultaneous interrogation of static and dynamic fiber Bragg grating nanostrain sensors. A software lock-in amplifier was used to extract static strain signals with a resolution, which was limited by thermal fluctuations between FBGs. Various fast Fourier transform algorithms were applied to retrieve dynamic strain measurements in both seismic and audible frequency regimes. Frequency resolutions of 5 mHz and 5 Hz were obtained for bandwidths of 1 Hz and 2 kHz. In both cases, a high strain-resolution was retained as noise floors were 7 and respectively. Assessments of fixed and oscillating strains were employed to provide evaluations of the elasticity of a cantilever beam based on its natural frequency. These agreed with modeled and theoretical values. Further application of the model allowed for a full mechanical description of the cantilever, based on an inverse analysis. The scheme's ability to scale conveniently to allow quasi-distributed strain measurements without resolution or response losses make it ideally suited to strain-based structural health monitoring applications, which will benefit from the dual-regime and distributed measurement attributes.
